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Abstract
An L(2, 1)-labelling of a graph G is an assignment of nonnegative integers to the vertices of G such that adjacent vertices have
numbers at least 2 apart, and vertices at distance 2 have distinct numbers. The L(2, 1)-labelling number (G) of G is the minimum
range of labels over all such labellings. It was shown by Griggs and Yeh [Labelling graphs with a condition at distance 2, SIAM
J. Discrete Math. 5 (1992) 586–595] that every tree T has  + 1(T ) + 2. This paper provides a sufﬁcient condition for
(T ) =  + 1. Namely, we prove that if a tree T contains no two vertices of maximum degree at distance either 1, 2, or 4, then
(T ) = + 1. Examples of trees T with two vertices of maximum degree at distance 4 such that (T ) = + 2 are constructed.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
All graphs considered in this paper are ﬁnite simple graphs. For a graph G, we denote its vertex set, edge set, order,
and maximum degree by V (G), E(G), |G|, and (G), respectively. For a vertex v ∈ V (G), let NG(v) denote the
set of neighbors of v and let dG(v) = |NG(v)| denote the degree of v in G. A vertex of degree k is called a k-vertex.
The distance dG(u, v) between two vertices u and v is the length of a shortest path connecting them. If there are no
confusions in the context, we use, N(v), d(v), and d(u, v) to denote(G), NG(v), dG(v), and dG(u, v), respectively.
An L(2, 1)-labelling of a graph G is a function  from its vertex set V (G) to the set {0, 1, . . . , k} for some positive
integer k such that |(x)−(y)|2 if x and y are adjacent, and |(x)−(y)|1 if x and y are at distance 2.A k-L(2, 1)-
labelling of a graph G is an L(2, 1)-labelling  of G such that max{(v) | v ∈ V (G)} = k. And the L(2, 1)-labelling
number (G) of G is the smallest k such that G has a k-L(2, 1)-labelling.
The L(2, 1)-labelling of a graph arose from a variation of the Frequency Channel Assignment problem introduced
by Hale [6]. This subject has been studied rather extensively in recent years [1–5,7,8,10,12]. It is clear that (G)+
1 for any graph G. Griggs and Yeh [5] conjectured that (G)2 for any graph G with 2. They conﬁrmed
the conjecture for a few special cases, e.g., paths, cycles, trees, graphs with diameter 2, etc. In 1996, Chang and
Kuo [1] proved that (G)2 +  for any graph G. More recently, Král and Škrekovski [8] improved slightly this
bound by showing (G)2 +  − 1. It was proved in [7] that (G)2 + 35 if G is a planar graph. Molloy and
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Salavatipour [9] reduced this upper bound to 5/3 + 90. Wang and Lih [11] proved that if G is a planar graph of girth
at least 5, then (G)+ 21. The girth is deﬁned to be the length of a shortest cycle in G.
The purpose of this paper is to study the distance two labellings of trees. Let T be a tree with 1. It is proved in
[5] that (T ) is either  + 1 or  + 2. Chang and Kuo [1] presented a polynomial algorithm determining the precise
value of (T ) for any tree T. We say that a tree T is of type 1 if (T ) = + 1 and of type 2 if (T ) = + 2. It seems
that characterizing all type 2 trees is very difﬁcult. In this paper, we give a sufﬁcient condition for a tree T to be type 1
and show our results are, to some extent, best possible.
2. Main results
Suppose that T is a tree with 1. A vertex v of T is said to be major if d(v) = , minor if d(v)<, a leaf if
d(v) = 1, and a handle if d(v)> 1 and v is adjacent to at most one vertex of degree greater than one. A major handle
is a handle of degree . Obviously, every tree T with |T |3 that is not a star contains at least two handles. Let (P )
denote the length of a path P, that is the number of edges in P.
Lemma 1. Let T be a tree with 4 that is not a star. If each pair of major vertices x and y satisfy d(x, y) /∈ {1, 2, 4},
then T contains one of the following conﬁgurations:
(C1) A leaf v adjacent to a minor vertex u.
(C2) A path x1x2x3x4 such that d(x2) = d(x3) = 2 and x1 is a major handle.
(C3) A 3-vertex u adjacent to two 2-vertices x, y and a major handle z such that another neighbor x′ of x (distinct
from u) is a major handle.
Proof. Suppose that T does not contain (C1) and (C2). Let us prove that T contains (C3). First we note the following
assertions:
Claim 1. Every leaf of T is adjacent to a major vertex.
Claim 2. Every handle of T is a major vertex.
Since T is not a star, there exist at least two handles in T. Let Q = y1y2 · · · ym be a longest path in T. By deﬁnition
and Claim 2, y1, ym are leaves and y2, ym−1 are major handles. Since d(y2, ym−1) /∈ {1, 2, 4}, we have d(y2, ym−1)3.
This implies that m6. Since y3 is adjacent to y2, 2d(y3)− 1.
Claim 3. d(y3) = 2.
Suppose on the contrary that d(y3)3. Let z denote a neighbor of y3 that differs from y2 and y4. Then z is not a leaf
of T by Claim 1. Since Q is a longest path in T, every vertex adjacent to z different from y3 is a leaf. Therefore, both of
the two vertices y2 and z are major vertices and d(y2, z) = 2, a contradiction. This proves Claim 3.
Since T contains no (C2), we may assume that d(y4)3 for every longest path Q = y1y2 · · · ym. Indeed, we have
the following.
Claim 4. d(y4) = 3.
Suppose on the contrary that d(y4)4 and N(y4) = {y3, y5, x1, x2, . . . , xm}, where m2. Since d(y4, y2) = 2 and
y2 is a major vertex, y4 is a minor vertex. Then all xi’s are not leaves of T by Claim 1. For 1 im, we use Txi to denote
the subtree of T obtained by adding the edge xiy4 to the component of T −y4 containing xi . Let Q′ =y4xiw1 · · ·wk be
a longest path of Txi with y4 as an initial vertex. By the choice of Q and the fact that xi is not a leaf, we see 1k2.
If k = 2, then w2 is a leaf and w1 is a major handle. It follows that d(w1, y2) = 4, contradicting the assumption that
d(w1, y2) /∈ {1, 2, 4}. Thus k = 1, i.e., Txi are stars and all the xi are major handles of T. However, d(x1, x2) = 2 to
derive a contradiction. This proves Claim 4.
It follows from Claim 4 that N(y4)={y3, y5, x1}, where x1 is a major handle. If we can prove the following Claim 5,
then the set {y2, y3, y4, y5, x1} will induce a conﬁguration (C3) and therefore our proof is complete.
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Claim 5. d(y5) = 2.
Suppose on the contrary that d(y5)3. First notice that y5 is a minor vertex by d(x1, y5)=2. Let t be a neighbor of y5
that differs from y4 and y6. Then t is neither a leaf by Claim 1 nor a handle by Claim 2 and the fact that d(t, y2)=4. Let Tt
denote the subtree of T obtained by adding the edge ty5 to the component of T −y5 containing t. Let Q′ =y5tw1 · · ·wk
be a longest path in Tt with y5 as an initial vertex. In view of the choice of Q, we have 2k3. If k = 2, then w2 is
a leaf and w1 is a major handle. It follows that d(x1, w1) = 4, contradicting the assumption that d(x1, w1) /∈ {1, 2, 4}.
So suppose k = 3. Then w3 is a leaf and w2 is a major handle. It is easy to see that P = w3w2w1ty5y6 · · · ym is a path
with (Q) = (P ), and thus it is also a longest path in T. Repeating the above proof for P, we derive that d(w1) = 2,
d(t) = 3, and the neighbor t ′ of t, distinct from w1 and y5, is a major handle. Thus d(t ′, x1) = 4, also a contradiction.

Analogously to the proof of Lemma 1, we can obtain the following lemma.
Lemma 2. Let T be a tree with = 3 that is not a star. If each pair of major vertices x and y satisfy d(x, y) /∈ {1, 2, 4},
then T contains one of the following conﬁgurations:
(C1) A leaf v adjacent to a minor vertex u.
(C′2) A path x1x2x3x4 such that d(x2) = d(x3) = 2, d(x1) = d(x4) = 3, and x1 is a handle.
(C′3) A path x1x2 · · · x6 such that d(xi) = 2 for i = 2, 3, 4, 5 and x1 is a major handle.
The following easy consequence ﬁrst appeared in [5].
Lemma 3. Let G be a graph with 2. Then the following statements hold:
(1) If (G) = + 1, then each major vertex is assigned 0 or + 1.
(2) If G contains a major vertex adjacent to other two major vertices, then (G)+ 2.
Lemma 4. Let T be a tree with3 that is not a star. Let v be a handle of T adjacent to a vertex u of degree greater than
1. If the tree T −(N(v)\{u}) has anL(2, 1)-labelling using the label setB={0, 1, . . . ,+1}with(v) ∈ {0,+1},
then  can be extended to an L(2, 1)-labelling of T.
Proof. LetB′=B\{(v)−1,(v),(v)+1,(u)}. Then |B′|=|B|−3=+2−3=−1 because(v) ∈ {0,+1}.
Since |N(v)\{u}| = d(v) − 1− 1, the vertices in N(v)\{u} can be labelled with mutually different labels fromB′
and  is extended to an L(2, 1)-labelling of T accordingly. This completes the proof of Lemma 4. 
Lemma 5. For all a ∈ {2, 3, 4}, the path P = x1x2x3x4 has a 4-L(2, 1)-labelling  such that (x1) = 0, (x2) = a,
and (x4) ∈ {0, 4}.
Proof. Given a ∈ {2, 3, 4}, P has obviously a partial 4-L(2, 1)-labelling usingB={0, 1, 2, 3, 4} such that(x1)=0
and (x2) = a. If a = 2, we further label x3 with 4 and x4 with 0. If a = 3, we label x3 with 1 and x4 with 4. If a = 4,
we label x3 with 2 and x4 with 0. Therefore a desired labelling is constructed. 
Theorem 6. If T is a tree with 3 such that, for each pair of major vertices x and y, d(x, y) /∈ {1, 2, 4}, then T is of
type 1.
Proof. The proof is proceeded by induction on the vertex number |T |. The theorem holds clearly if |T | = 4. Let T be a
tree with |T |5, 3, and d(x, y) /∈ {1, 2, 4} for each pair major vertices x and y. If T is a star, it is easy to construct
an L(2, 1)-labelling of T using the label setB= {0, 1, . . . ,+ 1}. Thus assume that T is not a star. If T contains a leaf
v adjacent to a minor vertex u, then T − v has an L(2, 1)-labelling  using B = {0, 1, . . . , + 1} by the induction
hypothesis. Since d(u)− 1, there exist at most − 2 + 3 =+ 1 forbidden labels for v. By |B| =+ 2, we can
label v with some label inB. Thus we may suppose that no leaf is adjacent to a minor vertex. The proof is divided into
two cases.
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Case 1. = 3.
By Lemma 2,T contains one of the conﬁgurations (C′2) and (C′3). IfT contains (C′2), we let T ′=T −(N(x1)∪{x1}).
Obviously, T ′ is a tree with |T ′|< |T | such that every pair of 3-vertices x and y satisfy d(x, y) /∈ {1, 2, 4}. By the
induction hypothesis, T ′ has an L(2, 1)-labelling  with B= {0, 1, 2, 3, 4} as the label set. Since x4 is of degree 3 in
T ′, (x4) ∈ {0, 4} by Lemma 3. Without loss of generality, we may suppose (x4) = 0, and hence (x3) ∈ {2, 3, 4}.
By Lemma 5, x1 and x2 can be labelled properly and x1 always gets 0 or 4. By Lemma 4, we can give a proper labelling
for the vertices in N(x1)\{x2}. Thus an L(2, 1)-labelling of T is established.
If T contains (C′3), let T ′ = T − (N(x1) ∪ {x1, x3, x4}). The induction hypothesis asserts that T ′ has an L(2, 1)-
labelling  using the label set B= {0, 1, 2, 3, 4}. Applying Lemma 4 and in view of symmetry of the labels in B, we
only need to deal with the following subcases to extend  into an L(2, 1)-labelling of T.
Assume that (x6) = 0. We see that (x5) ∈ {2, 3, 4}. If (x5) = 2, we label x4, x3, x2, and x1 with the labels
4, 0, 2, 4, in succession. If (x5) = 3, we label x4, x3, x2, and x1 with the labels 1, 4, 2, 0, in succession. If (x5) = 4,
we label x4, x3, x2, and x1 with the labels 1, 3, 0, 4, in succession.
Assume that (x6)= 1. Then (x5) ∈ {3, 4}. We can label x4, x3, x2, and x1 with the labels 0, 2, 4, 0, in succession.
Assume that (x6) = 2. Then (x5) ∈ {0, 4}. If (x5) = 0, we label x4, x3, x2, and x1 with the labels 3, 1, 4, 0, in
succession. If (x5) = 4, we label x4, x3, x2, and x1 with the labels 1, 3, 0, 4, in succession.
Case 2. 4.
By Lemma 1, T contains one of the conﬁgurations (C2) and (C3). If T contains (C2), we let T ′ =T − (N(x1)∪{x1}).
By the induction hypothesis, T ′ admits an L(2, 1)-labelling using the label setB={0, 1, . . . ,+1}. If5, we ﬁrst
label x1 with some label c ∈ {0,+1}\{(x3)}.Afterwards, we setB′ =B\{c−1, c, c+1,(x3)−1,(x3),(x3)+
1,(x4)}. Since exactly two of c−1, c, c+1 belong toB, we derive that |B′| |B|−6=+2−61. Therefore we
can label x2 with some label fromB′. By Lemma 4, the vertices in N(x1)\{x2} can be labelled properly. Now suppose
= 4 andB={0, 1, . . . , 5}. By Lemma 4 and symmetry of the elements inB, we only need to consider the following
subcases.
Assume that (x4) = 0. If (x3) = 2, we label x2 with 4 and x1 with 0. If (x3) = 3, we label x2 with 1 and x1 with
5. If (x3) = 4, we label x2 with 2 and x1 with 0. If (x3) = 5, we label x2 with 3 and x1 with 0.
Assume that (x4) = 1. If (x3) = 3, we label x2 with 0 and x1 with 5. If (x3) = 4, we label x2 with 2 and x1 with
0. If (x3) = 5, we label x2 with 3 and x1 with 0.
Assume that (x4) = 2. If (x3) = 0, we label x2 with 3 and x1 with 5. If (x3) = 4, we label x2 with 0 and x1 with
5. If (x3) = 5, we label x2 with 3 and x1 with 0.
If T contains (C3), we let T ′ = T − (N(x′) ∪ {x′}). Let  denote an L(2, 1)-labelling of T ′ using the label set
B={0, 1, . . . ,+ 1} by the induction hypothesis. Since z is of degree  in T ′, we get (z) ∈ {0,+ 1} by Lemma 3.
Without loss of generality, we suppose(z)=0. Thus(u) = 0, 1. LetB′ =B\{0, 1,(u)−1,(u),(u)+1,(y)}.
If B′ is not empty, we may label x′ with 0 and label x with some label in B′. Assume that B′ is empty. It is easy to
derive that = 4, (u) ∈ {3, 4}, and (y) ∈ {2, 3, 4, 5}\{(u) − 1,(u),(u) + 1}. We may label x with 1 and label
x′ with 5. By Lemma 4, an L(2, 1)-labelling of T is constructed from . This completes the proof of the theorem. 
Theorem 6 implies that every tree T with one unique major vertex is of type 1. Furthermore, by induction on order,
we may show that every tree T with exact two major vertices is of type 1. However, Lemma 3 illustrates that there exist
type 2 trees T with three major vertices.
Corollary 7. If T is a tree with 3 and d(x, y)5 for each pair of major vertices x and y, then T is of type 1.
Corollary 8. If T is a tree with 3 and d(x, y) ≡ 0 (mod 3) for each pair of major vertices x and y, then T is of
type 1.
3. Concluding remarks
In [5], Griggs andYeh gave some type 2 trees in which there exist at least one pair of major vertices at distance 1 or
2. In order to show that Theorem 6 is best possible, we need further to construct type 2 trees with two major vertices
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Fig. 1. The subtree Txy when k = 4.
at distance either 3 or 4. In fact, examples on the distance 3 can be easily established from the following examples on
the distance 4.
Given an integer k4 and a star K1,k with x as its center, we do the following operations:
• Join k − 2 leaves to each y ∈ N(x). Let N2(x) denote the set of those k(k − 2) vertices added.
• Join k − 2 leaves to each z ∈ N2(x). Let N3(x) denote the set of those k(k − 2)2 vertices added.
• Join k − 2 leaves to each v ∈ N3(x). Let N4(x) denote the set of those k(k − 2)3 vertices added.
• Join 1 leaf to each u ∈ N4(x). Let N5(x) denote the set of those k(k − 2)3 vertices added.
• Join k − 1 leaves to each t ∈ N5(x). Let N6(x) denote the set of those k(k − 1)(k − 2)3 vertices added.
Let T (k) denote the resulting graph after the above procedures are performed. It is easy to see that T (k) is a tree of
maximum degree k possessing the following properties:
(a) |T (k)| = 1 + k + k(k − 2) + k(k − 2)2 + 2k(k − 2)3 + k(k − 1)(k − 2)3.
(b) N5(x) ∪ {x} is the set of all the vertices of maximum degree.
(c) All the vertices in N5(x) are major handles and all the vertices in N6(x) are leaves.
(d) d(x, t) = 5 for any t ∈ N5(x); d(t1, t2)4 for any pair of t1, t2 ∈ N5(x) and d(t1, t2) = 4 only if there exists
some vertex v′ ∈ N3(x) such that d(v′, ti) = 2 for i = 1, 2.
For y ∈ N(x), let Txy denote the subtree obtained by adding the edge xy to the component of T (k) − x containing
the vertex y. When k = 4, Txy is depicted in Fig. 1.
Lemma 9. For any k4, (T (k)) = k + 2.
Proof. It sufﬁces to show that there does not exist an L(2, 1)-labelling of T (k) using the label setB={0, 1, . . . , k+1}.
Suppose on the contrary that T (k) has such an L(2, 1)-labelling . By Lemma 3, (x) ∈ {0, k + 1}. Assume, without
loss of generality, that(x)=0. Thus there exists y∗ ∈ N(x) labelled with the label k. Since every vertex in N2(x) is of
degree k − 1, there exists z∗ ∈ N(y∗)\{x} labelled with the label k − 2. Since every vertex in N3(x) is of degree k − 1
and 2k − 2<k + 1, there exists v∗ ∈ N(z∗)\{y∗} such that (v∗)= 0. Since v∗ is of degree k − 1, there exists some
u∗ ∈ N(v∗)\{z∗} such that (u∗) ∈ {k, k + 1}. Let t∗ be the unique neighbor of u∗ in N5(x). Thus (t∗) = 0, k + 1,
which contradicts Lemma 3, since t∗ is a major vertex. 
Let now us consider the tree T as shown in Fig. 2. Obviously, T is a tree of maximum degree 3 such that the
distance between any two 3-vertices is at least 4. We shall show that T has no L(2, 1)-labelling  using the label set
{0, 1, 2, 3, 4}. In fact, if T has such an L(2, 1)-labelling , we may assume (x) = 0 by Lemma 3. Then there exists
some neighbor y of x labelled with 2. Further, z must get 4 and v must get 0 by Lemma 3. Now u cannot be labelled
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Fig. 2. The tree T .
properly, producing a contradiction. This shows that (T ) = 5 =  + 2. This example together Lemma 9 show the
following consequence.
Theorem 10. For each 3, there exists a type 2 tree T of maximum degree  such that the distance between any two
major vertices is at least 4.
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